The sum rule for the transition rates between the components of two multiplets, known for the one-photon transitions, is extended to the multiphoton transitions in hydrogen and hydrogen-like ions. As an example the transitions 3p − 2p, 4p − 3p and 4d − 3d are considered. The numerical results are compared with previous calculations.
evaluated explicitly in [30] , [6] and was shown to be comparable with the "pure" two-photon contribution, thus making the attempts to separate out the cascade contribution superfluous. The reasons, why these two contributions are comparable, are discussed in [32] .
Recently the two-photon E1E1, E1E2, E1M1 and M1M1, E2E2 decays rates to 1s ground state for the highly excited ns, nd and np states in hydrogen atom were evaluated [33] . The two goals were pursued: first, the comparison of the nonrelativistic dipole approximation with fully relativistic evaluation. For highly excited states the dipole approximation could become invalid: if the arguments of the Bessel functions in the exact relativistic photon emission operator are not small (due to the larger values for the Bohr radius of the highly excited orbits) the dipole approximation should break down. Accordingly, one of the conclusions in [33] was the satisfactory accuracy of the nonrelativistic dipole approximation for the highly excited states decays to the ground state. This can be explained by the presence of the short ranged 1s wave function in the expression for these transition rates; the large values of the Bessel function arguments do not affect the transition matrix elements. The second goal in [33] was to show that two-photon transition probabilities decrease with increasing of the principal quantum number of the initial state. In principle, this conclusion allows to restrict the number of highly excited states decays for astrophysical tasks within the desirable accuracy.
In [32] a theory which takes into account the "pure" two-photon and cascade contributions for the two-photon and the multiphoton decays in hydrogen was formulated. In this theory only two types of the level decays should be present: the direct one-photon decays when they are allowed and the total two-photon decays without separation of the "pure" two-photon decays and cascades. All the decays of the excited levels should be classified and described either as direct one-photon transitions to the ground state or as two-photon transitions with cascades. In the "two-photon" approximation transitions with more than two nonresonant photons should be neglected. In [32] it was demonstrated that the rigorous QED treatment of the 3p level decay should include the two-photon contribution comparable with the widely discussed two-photon decay of 3s level.
In many papers on the two-photon transitions cited above it is important to know how to correlate the transition rates between two multiplets evaluated in the fully nonrelativistic approximation with the transition rates between the separate components of the two multiplets, evaluated either within the Pauli approximation (i.e. introducing the spin-orbit coupling) or with the fully relativistic approach, where transitions between the separate components arise automatically. For the one-photon transitions, within the LS-coupling scheme the first step towards the understanding of this correlation was made in [34, 35] , where it was discovered empirically that for the transition between two arbitrary multiplets γLSJ → γ ′ L ′ S ′ J ′ within LS-coupling scheme the sum of the strengths of the lines having a given initial level is proportional to the statistical weight (2J + 1) of that initial level
The line strength
The quantum numbers L, S, J correspond to the total orbital momentum, total spin momentum and total angular momentum of an atom. The other quantum numbers are denoted by the symbol γ. For the allowed transitions in the nonrelativistic approximation
The function F in the right-hand side of Eq. (1) does not depend on J. In the book by Condon and Shortley [36] this sum rule was proven theoretically and generalized by summation of both sides of Eq. (1) over J. Then, remembering that J = (2S + 1)(2L + 1) it follows from Eq. (1):
Later in the book by Sobelman [37] it was noticed that
is the transition probability between two levels γLS and γ ′ L ′ S ′ in the fully nonrelativistic approximation and the correlation formulated above was given in the form:
This is the formula, which we want to generalize to the case of the multiphoton transitions. Though our proof will be given for the one-electron atom, its generalization to the many-electron atoms within the LS-coupling scheme seems straightforward.
II. MULTIPLET SUM RULE FOR THE ONE-PHOTON TRANSITIONS
To start we give the proof of the formula (4) within the QED approach. The standard definition of the transition rate in the S-matrix formalism will be used. The S-matrix element for the one-photon emission process in the one-electron atom is
HereŜ (1) is the first-order S-matrix, e is the electron charge, n is the principal quantum number, j, m are the total electron angular momentum and its projection, l is the orbital momentum of the corresponding state. ψ nijilimj i (x) = ψ nijilimj i ( r)e −iE n i j i l i t , ψ nijilimj i ( r) is the solution of the Dirac equation for the atomic electron, E nijili is the Dirac energy,ψ
γ 0 is the Dirac conjugated wave function with ψ † n f j f l f being its Hermitian conjugate, γ µ = (γ 0 , γ) are the Dirac matrices and x ≡ ( r, t) is the coordinate 4-vector ( r, t are the space-and time-coordinates). The photon field, or the photon wave function A µ (x) looks like
where
µ is the photon polarization 4-vector, k = ( k, ω) is the photon momentum 4-vector ( k is the photon wave vector, ω = | k| is the photon frequency).
After the time integration the transition amplitude U (1γ)
Transition probability per time unit (transition rate) is defined via
If the final state belongs to the continuous spectrum (as in our case due to the emitted photon) the differential transition probability should be introduced:
ν is the element of the solid angle in the momentum space. Integration in Eq. (10) over ω gives the probability of the photon emission with polarization e in the direction ν ≡ k/ω per time unit within solid angle d ν:
The total transition probability follows from Eq. (11) after integration over angles and summation over the polarizations
Formula (11) describes the transitions between the fine structure components of the atomic levels. If we characterize initial and final states in fully nonrelativistic way, i.e. by the principal quantum number n, orbital momentum l and its projection m l , the transition probability is given by
The multiplet transition sum rule Eq. (4) in case of the one-electron atom looks like
where s is the electron spin (s = 1/2). This formula in the Pauli approximation can be easily proved after presentation of the wave function ψ njm in the form
Here C jm lm l sms are the Clebsch-Gordan coefficients (see,for example, [38] ), R nl (r) is the radial part of the wave function, Y lm l is the spherical function describing angular part of the wave function and χ sms is the spin part of the nonrelativistic Schrödinger wave function.
Using Eq. (13), the expression for the transition probability Eq. (12) can be rewritten like
where the wave function n i l i m li | ≡ R nili (r)Y * li mi . In Eq. (15) the ortho-normalization of the spin functions is used and δ ik is the Kronecker symbol. Now we can perform the summation over j i j f and m i m f for the Clebsch-Gordan coefficients (see [38] ):
Now summation of Eq. (15) over j f , j i with coefficient (2j i + 1) and the use of Eq. (12) result
Using the equality ms i ms f δ ms i ms f = (2s i + 1), we obtain finally
which proves the sum rule Eq. (13).
III. MULTIPLET SUM RULE FOR THE MULTIPHOTON TRANSITIONS
In this section we prove the multiplet sum rule for the multiphoton transitions on the example of the two-photon emission process. We use again the Pauli approximation for the wave functions, but simplify the expressions for the transition operators. Here we present these operators in the fully nonrelativistic limit what does not influence the proof.
The transition probability for the two-photon emission process can be written in the form [25] :
where summation extends over the total set of the wave functions for the intermediate states in the Pauli approximation. In Eq. (19) we neglect the fine structure, i.e. energy levels do not depend on j. Consider only the first term in Eq. (19), using again function Eq. (14):
The second term in Eq. (19) can be calculated in the same way. The summation over quantum numbers jm in Eq. (20) can be performed by
. Squared expression (20) can be written in the form:
Then for the first term of the two-photon transition probability we can write
Now we can perform summation over j i m i and j f m f , which, together with the second term in (19) , leads to
Multiplying now Eq. (23) by the factor 2li+1 2li+1 , summing over polarizations e , e ′ , integrating over photon directions and over ω ′ , we get
This equality proves the sum rule for the two-photon transition rates between multiplets. In principle, such evaluation can be easily extended to the case of the multiphoton transitions. The final expression can be presented like
where k denotes the number of the emitted photons.
IV. TESTING THE MULTIPLET SUM RULE FOR THE TWO-PHOTON TRANSITIONS
We will test the multiplet transition sum rule on the E1E1 two-photon emission processes. The standard expression for the transition probability for the two-photon emission processes is (see e.g. [25] )
where, as usual, A A ′ N denote the set of quantum numbers njlm or nlm l , for the relativistic or nonrelativistic cases, respectively. Notations A A ′ N correspond to the initial, final or intermediate states. Using again the nonrelativistic expressions for the transition operators and after the summation over polarizations and integration over photons directions for the E1E1 two-photon emission we obtain
is the Coulomb Green function. With the use of the Green function partial wave decomposition
it is easy to perform angular integration for the required process. The simplest situation occurs for the 3d ji → 2γ(E1) + 2s j f transition in the nonrelativistic limit. In this case the intermediate states are np jn states only. After the angular integration and summation over all projections in Eq. (27) the differential transition probability can be presented like
and
This result corresponds to the Pauli approximation with the neglect of the energy splitting of the fine structure components. Nonrelativistic evaluation without consideration of the separate fine structure components gives
The integration over radial variables can be easily done with the radial Coulomb Green function decomposition over Laguerre polynomials [10] :
Thus the radial integrals are the same for the calculations with or without fine structure. The relativistic expression for the transition probability is
with
where Y JM (r) are the spherical functions and j J (ωr) is the Bessel's function. Explicit formulas for the one-electron matrix elements A (λ)
JM (ω) in the length and velocity gauges can be found in [39] , [7] . We calculate all transition rates in nonrelativistic limit by the Coulomb Green function method and in relativistic way by the dual-kinetic-balance finite basis set method [40] .
In Tables I, II , III, IV the numerical values of the two-photon E1E1 transition probabilities for the 3p ji → 2γ(E1) + 2p j f , 4p ji → 2γ(E1) + 3p j f , 3d ji → 2γ(E1) + 2s j f and 4d ji → 2γ(E1) + 3d j f are presented.
The values of the nonrelativistic and relativistic calculations in Table I are in perfect agreement with each other. The small difference is due to the energies in the denominators of the transition amplitude Eq. (26) . As it was mentioned before in the nonrelativistic calculations the energies of all the fine structure components are equal. We would note also that the relativistic calculations are in perfect agreement with the ones in [11] . Apart from the 3d− 2s transition we have evaluated also
two-photon transition probabilities.
V. CONCLUSIONS
In our paper we have considered the processes of two-photon transitions for hydrogenic atom. Recent astrophysical investigations necessitate a detailed analysis of the multiphoton emission processes and, most important, of the two-photon radiation. The "pure" two-photon emission leads to the photon escape from matter and, thus, presents the formation mechanism for the background radiation. In the recent paper [32] we have developed the "two-photon" approximation method for the intricate multi-photon emission processes. As the extension of this paper we considered two-photon E1E1 transitions between neighboring 3p − 2p, 4p − 3p, 3d − 2s and 4d − 3d atomic levels.
We were comparing the nonrelativistic values with the relativistic ones. However, this comparison was complicated by the the fine structure splitting. The multiplet transition sum rule, known for the one-photon transitions, required the proof for the multi-photon processes.
The values of the relativistic and nonrelativistic calculations with and without fine structure splitting are presented in Tables I, II, III, IV for the various processes. The corresponding nonrelativistic and relativistic values of the two-photon transition probabilities are in perfect agreement. The slight difference occurs due to the nonrelativistic Schrödinger approximation which does not take into account the fine structure splitting.
The most important conclusion is that the multiplet-transition sum rule is correct also for the two-photon (multiphoton) transitions and can be used for additional checking of the results of the numerical calculations. in units s −1 for the 4dj i → 2γ(E1) + 3dj f emission. In the first column the angular momenta of the initial and final states are given, the second column represents the numerical values of the nonrelativistic calculation in the Pauli approximation for the transition probabilities between fine structure components. In the third column the values of the relativistic calculations are given. The last but one line corresponds to the averaged according to the right hand side of the Eq. (25) value. And, finally, last line corresponds to the nonrelativistic evaluation of the two-photon E1E1 decay without taking into account the fine structure splitting (left hand side of Eq. (25)). All results are given for the hydrogen atom.
